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Abstract. We give an index formula for a class of Dirac operators coupled with un- 
bounded potentials. More precisely, we study operators of the form P := p + V, where 
^ is a Dirac operators and V is an unbounded potential at infinity on a possibly non- 
compact manifold Mq. We assume that Mq is a Lie manifold with compactification 
denoted M. Examples of Lie manifolds are provided by asymptotically Euclidean or 
asymptotically hyperbolic spaces. The potential V is required to be such that V is in- 
vertible outside a compact set K and extends to a smooth function on M \ K that 
vanishes on all faces of M in a controlled way. Using tools from analysis on non-compact 
Riemannian manifolds, we show that the computation of the index of P reduces to the 
computation of the index of an elliptic pseudodifFerential operator of order zero on Mq 
that is a multiplication operator at infinity. The index formula for P can then be ob- 
tained from the results of jl7| . The proof also yields similar index formulas for Dirac 
operators coupled with bounded potentials that are invertible at infinity on asymptot- 
ically commutative Lie manifolds, a class of manifolds that includes the scattering and 
double-edge calculi. 
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Introduction 



Perturbed Dirac operators p + V and operators A + of Schrodinger type on non- 
compact manifolds play an important role in Quantum Mechanics, Conformal Field The- 
ory, and in other areas. Partly for this reason, the index theory for this kind of operators 
has been the subject of extensive research [SlEliniinilllllSlESllSSEIlEnillS]. 

The purpose of this paper is to give an index formula for Dirac operators operators 
coupled with unbounded potentials on even-dimensional Lie manifolds, a class of non- 
compact manifolds Mq whose structure at infinity is controlled by a Lie algebra of vector 
fields tangent to the boundary of a suitable (given) compactification M. We also find 
an index formula for operators coupled with bounded potentials on a subclass of Lie 
manifolds that are commutative at infinity (see Definition 12. 6p . 

Lie manifolds, or manifolds with a Lie structure at infinity, were introduced and studied 
in [3] . There is a natural algebra of differential operators associated to any such manifold 
that contains all the classical geometric operators, such as the the Dirac operator [1]. 
One also defines a suitable algebra of pseudodifferential operators on any Lie manifold 
[1], which happens to be related to an algebra of pseudodifferential operators on a dif- 
ferentiable groupoid. For many of these algebras of pseudodifferential operators on 
manifolds with corners, the Fredholmness of P G M„(\l/*) can be characterised by the in- 
vertibility of a symbol class that consists of two components: the principal symbol o"o(P) 
and a symbol at the boundary crg(P), also called the indicial operator associated to P. 
Thus a pseudodifferential operator compatible with the Lie manifold structure is Fred- 
holm if, and only if, the following two conditions are satisfied: the usual ellipticity and the 
invertibility in the so-called indicial algebra at the boundary. The Fredholm conditions 
relevant for our case are discussed in Propositions 12.41 and 12.81 

Let Mo be an even-dimensional Riemannian Lie manifold, with compactification to 
a manifold with corners M and V be the Lie algebra of vector fields tangent to the 
faces of M and defining the structure at infinity of Mq (for precise definitions see § 12.11) . 
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Let W he a. Clifford module over M endowed with an admissible connection and let 
p : C°°{M] W) —J- C°°(M; W) be the associated generalized Dirac operator. Let us denote 
by {xk} the boundary defining functions of the hyperfaces of M. We shall consider 
operators of the form 

(1) r =p + V ■.= p^l + mV -.C^^iMo-W^E) ^C^{Mo;W®E), 
where the potential V G End(-E') is of the form V = f^^Vo with 

(2) / :=^x^^ ak e Z, a,- > 0, 

and Vq smooth on M and invertible at infinity (that is, on dM). We prove that T' is 
essentially self-adjoint acting on L^(Mo; W <^ E). We shall denote by T the closure of T', 
which is hence a self-adjoint operator (odd with respect to the natural spinor grading). 
Let V{T) denote the domain of T and V{T) = D(T)_|_ © D(T)_ be its grading. We shall 
still write T = p + V, for simplicity. Let W^E be the tensor product W ^ E endowed 
with the usual grading. 

Our main result, Theorem 13.131 is an index formula for the chiral operator 

T+ : P(T)+ ^ L\Mo; W^E). 

similar to the usual Atiyah-Singer index formula. The proof of this theorem is obtained 
from a sequence of reductions, ultimately reducing our main result to the Atiyah-Singer 
type theorem for operators that are asymptotically multiplication at infinity [T7]. Let us 
mention that our Theorem 13. 131 is about as general as one can hope for such that a classical 
index formula would still apply. For instance, if one replaces V with a bounded potential 
Vq, then one expects an index formula for ^ + Vq to involve non-local invariants similar 
to the eta invariant [S]. These non-local invariants would be associated to the faces at 
infinity. Thus, if one wants to avoid non-local invariants and have an index formula on an 
arbitrary Lie manifold just in terms of classical Chern characters, then one needs to require 
V to be unbounded at infinity. (Note, however, that on asymptotically commutative Lie 
manifolds. Definition 12. 6[ we do allow bounded potentials, and the calculation in this case 
is an important ingredient in the proof; see below for more details.) Moreover, imposing 
some structure at infinity also seems to be necessary and is usually done in practice. This 
justifies why we consider Lie manifolds and not more general non-compact manifolds. See 
[11] and [30] for some related approaches. 

Most of the known results on the index of perturbed Dirac operators on non-compact 
manifolds cited above make use of crucial properties of Dirac operators, namely relative 
index theorems, trace formulas, or boundary conditions. In this paper, our index formula 
for p + V, with V bounded, is obtained from a general index theorem for a suitable 
class of pseudodifferential operators and in fact most of our results hold in the setting of 
pseudodifferential operators. For bounded potentials, however, we need to assume that 
our Lie manifold is asymptotically commutative (or commutative at infinity). Definition 



4 



C. CARVALHO AND V. NISTOR 



12.61 A similar approach, in the bounded potentials case, is contained in [30], for odd- 
dimensional manifolds, where Melrose's index formula for (families of) scattering operators 
is used to derive an index theorem for perturbed pseudodifferential operators, so-called 
Callias-type operators, with bounded potentials. It is shown there that the index can 
be computed from invariants at the corner Sq^^M. Note that the scattering structure 
is just a particular case of the asymptotically commutative Lie structures we consider 
here. (It is easily seen that Theorem II .51 extends to the case of families, so our results can 
also be formulated in this setting.) To get the result for unbounded potentials, we need 
harder results from analysis, so we stick to differential operators, but this results holds 
for arbitrary Lie manifolds. 

Let us now review the sequence of reductions that lead to Theorem 13.131 At the same 
time, we will review the contents of the paper (but in the inverse order of the sections). 
The first step is to write 

T=p + V = r"^Qr"\ with Q := + Fo, 

which we show in Section [3] to have the same index as T. We then consider a new Lie 
manifold structure (M, W) on Mq using 

(3) >V = /V:=(nx^'=)V, 

It turns out that Q G Diff>v(M), which justifies the introduction of the new Lie mani- 
fold structure (M, W). Moreover, Q itself is a Dirac operator coupled with the hounded 
potential Vq. What makes the index of such an operator computable is the fact that the 
structural Lie algebra of vector fields W defining Q is commutative at infinity, or, to put 
this in another way, the indicial algebra of W is commutative. A Lie manifold with this 
property will be called asymptotically commutative. The analysis on the new Lie (M, W) 
manifold turns out to be much easier. The index of the operator Q =Ip + Vq associated 
to (general) asymptotically commutative Lie manifolds with Vq bounded, but invertible 
at infinity, is obtained in Theorem 13.71 using results of Section [2l 

The analytical properties of general, not necessarily even-dimensional, asymptotically 
commutative Lie manifolds (M, W) and the index of operators on these spaces are studied 
in Section [2l We show that fully elliptic operators in \E'* (M; W) can be deformed contin- 
uously to operators in \1/*(M; W) that are asymptotically multiplication on Mq. We thus 
obtain an index theorem for fully elliptic pseudodifferential operators on general asymp- 
totically commutative Lie manifolds (that is, of the form (M, W) with W commutative 
at infinity). Theorem 12. 9^ generalizing known results for the scattering and double edge 
operators [331 [3S] • Let us also mention that the case of asymptotically commutative Lie 
manifolds includes the important case of asymptotically Euclidean manifolds. The index 
formula for fully elliptic operators on asymptotically commutative Lie manifolds follows 
then from the results of [17|. This reduction is achieved in Section [TJ We remark that all 
the results in Sections [1] and [2] do not assume that our manifolds are even- dimensional. 
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It is a classical result that on a compact manifold Mi, a pseudodifferential operator 
P of order m defines a Fredholm operator H'^{Mi) — H^~"^{Mi) if, and only if, it is 
elliptic. In other words, on a compact manifold, ellipticity is equivalent to Fredolmness. 
By contrast, on non-compact manifolds, ellipticity is typically only a necessary, but not 
sufficient condition to ensure Fredholmness; stronger conditions on an operator P are 
required to obtain that P is Fredholm. For example, on an asymptotically commutative 
Lie manifold, the Fredholm condition is still controlled by the invertibility of a function, 
which this time is an extension of the principal symbol, and hence is defined on an 
extension of the cosphere bundle. This phenomenon is studied in Section [H where an 
index theorem is proved for such operators by reducing to the case of operators that are 
multiplication at infinity (which was studied in [I?]). In particular, we obtain in that 
section an index theorem for asymptotically multiplication operators. 

We shall assume throughout most of this paper that Mq is a non-compact Lie manifold 
with compactification M, althought some of our results of the earlier sections may be true 
for more general non-compact manifolds. For instance, the index theorem of [17] is valid 
without any assumption on Mq. 

Acknowledgements. We thank Max Planck Institute for Mathematics for support while 
parts of this work were being completed. We also thank Bernd Ammann and Ulrich Bunke 
for useful discussions. 

1. Asymptotically multiplication operators 

In this section, we review some basic concepts and results to be used in what follows, 
leading to the Atiyah-Singer index theorem in the setting of non- compact manifolds and 
operators that are multiplication outside a compact set (or asymptotically so). Here, 
we keep the manifolds quite general, while we consider a class of operators that inherits 
naturally the properties of the compact manifold case. For simplicity, we assume that 
Mq is endowed with a metric g and that, as a topological space, it is the interior of a 
compact manifolds with corners M such that TM restricts to TMq on Mq. We let n be 
the dimension on Mq, which in this and the following section may be arbitrary, but in the 
last section will be assumed to be even. 

1.1. General calculus. We consider for now a smooth manifold Mq without boundary, 
not necessarily compact, and a smooth vector bundle E over Mq that is trivial outside a 
compact set in Mq. We denote by dvolg the volume form on Mq defined by the metric. 
We also assume that E is endowed with a Hermitian metric, which is the trivial (product) 
metric close to infinity. Typically, Mq will coincide with the interior of a given compact 
manifold with corners M. 

We first make a short review of main results of the theory of pseudodifferential operators 
on Mq that we need in this paper, in the setting of operators that are multiplication by 
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a smooth function outside a compact set. We follow closely the approach of [I7j (see 
however also [SB] or [H] for general references). 

Let us recall that a smooth function p : W x MJ^ — > (^nxn (jgg^es a symbol in the 
class S"^{W X M") of symbols of order m if, and only if, for any compact ^ei K dW and 
multi-indices a, /3, there exists CK,a,i3 > such that \d^d^p{x,C,)\ < Cx,a,/3(1 + , 
for allx e K and ^ G W. An operator P : C^{Mo; E) C°°{Mo; E) is said to be in the 
class \E''"(Mo; E) of pseudodijferential operators of order m on Mq if, for any coordinate 
chart W of Mq trivializing E and for any h G C;?°(l^), /iP/i : C^lw)^ C^{W)^ is a 
matrix of pseudodifferential operators of order m on W, that is, hP{hu) = p{x, D)u, with 

(4) hP{hu){x)=p{x,D)u{x) := (27r)-- / p{x,0u{0e'''-^d^, 

where u denotes the Fourier transform of u and p G S"^{W x M"). 

We shall work only with classical symbols, that is, symbols that have asymptotic ex- 
pansions p ~ ^Pm-k with Pm-k ^ S"^~'' (W X M") positively homogeneous of degree m — k 
in ^. Let us denote by n : T*Mq Mq the cotangent bundle of Mq. The leading term pm 
in the expansion of p{x,C,) as a classical symbol defines a smooth section of the bundle 
End{E) over the cotangent bundle T*Mq, the principal symbol of P, which is a smooth 
bundle homomorphism (Tm{P) '■ '^*E — 7r*E, positively homogeneous on the fibers of 
T*Mq. By choosing a metric on TMq, the class of principal symbols can be identified 
with C°° {S* Mq] End{E)) where S*Mq is the unit sphere bundle of the cotangent bundle. 
An operator P is said to be elliptic if am{P) is invertible on 5**71^0. We shall regard the 
cosphere bundle S*Mq as the boundary of T*Mq using a radial compactification of each 
fiber. It is in this sense that we shall often extend the principal symbol of an order zero 
pseudodifferential operator to T*Mq. 

Under certain assumptions that will be satisfied in our setting, we have that if P G 
^™(Mo; E), then Pq := P(l + P^P)-^^ e ^°(Mo; E), with P* the formal adjoint, and P 
is Fredholm, respectively, elliptic, if, and only if, Pq is, with ind(P) = ind(Po). Moreover, 
(Jm{P) is homotopic to (To(Po), as sections of S*Mq (the unit sphere bundle of T*Mq). 
Hence, for the purposes of index theory, we will mainly be concerned with operators of 
order 0. 

We start with considering the class of pseudodifferential operators that are multiplica- 
tion outside a compact, defined as 

(5) *Lzt(^o; E) := {P = Pi + p, Pi G *°(Mo; E) has a compactly supported 

distribution kernel and p G End(£') is bounded}. 

(For m < 0, we consider ^;;^^;j(Mo; E) := ^'^^^^{Mo; E) n ^'"(Mq; E)). We have that any 
operator in '^^^^^^{Mq] E) is properly supported and that \E'|^^;j(Mo; E) is a *-algebra (see 
[17] for details). Moreover, denoting by S'^^^iT* Mq, E) the set of bounded symbols in 
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S^(T*Mo; E) that are constant on the fibres of T*Mq — Mq outside a compact of Mq, we 
have that there is a well-defined symbol map 

(6) cTo : ^lUMo-. E) ^ SL^,(T*Mo; i?)/5„,i,,(T*Mo; E), 

which is a surjective *-homomorphism with ker(cro) = \E'~^;j(Mo; -E), as it is the case 
if Mq is compact. Moreover, we have that P G '^^^^{Mq^E) is always bounded as an 
operator on L'^{Mq; E), and that ^mii/t(-^o; E) consists of compact operators, again as in 
the classical case of compact manifolds. 

We endow the class of symbols S'^^niT* Mq; E) with the sup-norm, as a section of 
End(E) over T*Mo. Note that S^^i^{T*Mo; E) can be identified with the class of bounded 
sections in C°° [S* Mq\ End(-E')) that are constant on the fibers of S*Mq outside a compact 
K C Mo, and this is consistent with regarding S*Mq as the boundary of (the radial 
fibrewise compactification of) T*Mq. (Recall that E is trivialized outside a compact set, 
so "constant in a neighborhood of infinity" does indeed make sense.) 

The class Ca(S'*Mo; E) of asymptotically multiplication symbols is defined as those func- 
tions p = p{x,^) G C{S*Mo; End(-E')) such that p{x,^) is bounded in the sup-norm and, 
for all e > 0, there is a compact C Mq such that, for all x ^ K^, 

(7) sup |b(x,6) -p(a;,6)l|End(i?,) < e- 

Si,?2e5*Afo 

Roughly speaking, the elements of Ca{S*MQ]E) are continuous sections of End(-E') over 
S*Mq that are bounded and asymptotically independent of ^ on the fibers of S*Mq. It 
is easily checked that it is a C*-subalgebra of Cb{S*MQ] End(£')), the class of continuous, 
bounded sections of End(-E'). 

We now define the class of asymptotically multiplication pseudodifferential operators as 

(8) ^°(Mo; E) := ^1^,,{Mq; E) C ^(^^(Mo; E)), 

that is, the closure of \E'°(Mo; E) in the topology of bounded operators on L^(Mo; E). 

The point of the following lemma is that, once we consider completions, we will need 
to replace operators that are multiplication at infinity with asymptotically multiplication 
operators. 

Lemma 1.1. The principal symbol defines a natural map \E'^^;j(Mo; E) — Ca{S*MQ] E), 
which extends by continuity to a surjective map "^^{Mq; E) — )■ Ca{S*MQ]E). 

Proof. We show that Ca{S*MQ] E) coincides with the closure of 

(9) E:= {pe C^{S*Mq- End(E)), there exists K G Mq compact 

such that p{x, ^) is independent of if a; ^ A' }, 

and the result then follows as in the compact case. It is readily checked that any p in the 
closure of (Q is asymptotically multiplication. For the converse, let p G Ca{S*MQ] End(-E')) 
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and take p G C^{S*Mo; End(-E')) such that \\p — p||sup < e- Let K C Mq be compact such 
that \\p{x,^,)-p{x,^2)\\End(E^) < e, for all x ^ K, ^1,6 e S*Mo, and let G C^{S*Mo) 
be such that supp C Mq — -ft", < < 1, and ^) = 1, for x ^ K', with i^"' compact 
such that K C int{K'). Define 

where s is a fixed smooth section of S*Mq (which exists since every connected non-compact 
manifold has a nowhere vanishing vector field). Then q{x,^) G C^(S'*Mo; End(-E)) and 
for X ^ K', q{x,^) = p{s{x)) is independent of ^. Moreover, 

||g-p||sup< sup \\p{x,^) -p{x,0\\End(E^)+ SUp - ||End(E,) 

< 2||p^-p||sup + sup |b(s(a;)) -p(x,OllEnd(i?,) < 3e. 

Hence, p lies in the closure of S defined in Equation (Q, and that concludes our proof. □ 

The following result can be proved much as in the compact case. 

Proposition 1.2. The principal symbol map ^ is continuous and the following sequence 
of C* -algebras is exact 

(10) > 1C{M,-E) > ^°(Mo;E) Ca{S*M^-E) > 0. 

where now ctq : '^^^{Mq\E) — )■ Ca{S*MQ\E) denotes the extension by continuity of the 
classical principal symbol map ctq '■ ^^muiti^o'^ ^) ~^ Ca{S*Mo; E). 

Proof. The exactness at Ca(S'*Mo; E) follows from Lemma [1.11 Using a partition of unity 
and the fact that our result is true in the compact case, we see that ^mMZt(^o; E) C K, 
as a dense subset. This proves the exactness at /C(Mo; E) and the fact that )C{Mq] E) is 
contained in the kernel of ctq. 

As in the classical case of compact manifolds, the difficult case is to prove that if an 
operator T G ^°(Mo;^) is in the kernel of ctq, then it is compact. Let then 

T^e^l^M-E), Tn^T and ao(T„) 0. 

Then we can replace the sequence T„ with a sequence of operators that are zero in a 
neighborhood of infinity. Also, let ip G C^{Mq) have the support in a local coordinate 
chart. Then ipTn,ip — ?■ ipTip and aQ{ipTnip) — )■ 0. Using the case of a compact manifold, we 
see that ipTip is a compact operator. From this we infer that ipiTip^ is also compact for any 
compactly functions ipi and ■02. (One way to prove this is to consider first the case when 
■01 and 02 have disjoint supports). Let < . . . < 0^ < ipk+i < . . . < 1 be an increasing 
sequence of compactly functions such that ipnix) — )■ 1 for all x. (We are assuming here 
that Mo is a-compact, which is always the case if Mq has a compactification.) 
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We claim that ipkTipk T. Since ipkTipk is compact for any k, it will follow that T 
is also compact. To prove our claim, let e > and choose n such that ||T — T„|| < e/3. 
Then we can find ko such that \\ijjkTnipk ~Tn\\ < e/3 for k > k^ since T„ is assumed to be 
zero outside a compact set. Then 

||T - tpkTiJkW < \\T - Tn\\ + \\Tn - IpkTni^kW + ||V'fc(^n - T)tljk\\ < £ 

for k > kf). This completes our proof. □ 

It follows from Proposition II. 21 that P G \E'J^(Mo; E) is a Fredholm operator if, and only 
if, its full symbol is invertible in Ca{S*M();E) or, equivalently, in Cb{S*Mo; E). See also 
[23] for a discussion of Fredholm operators on non-compact manifolds. 

1.2. The Atiyah-Singer index theorem. We now review the Atiyah-Singer index for- 
mula, applied to asymptotically multiplication operators. (See for instance [HI ES] for the 
details on the constructions below). 

First, we define operators acting between sections of two different vector bundles. 
Let E, F be vector bundles over Mq, with E = F outside a compact. We define 
*m«it(^o; E, F) as the subclass of ^'[^„;^(Mo; E © F) of those operators that induce P : 
C~(Mo; E) ^ C°°(Mo; F). We have so also S^^i,{T*Mo; E, F) C S^^i,{T* Mq; E (B F) and 
all the results above hold, except that if P G ^[^^^^(Mo; E, F) then P* G ^^^^^(Mo; F, E), 
so we leave the setting of C*-algebras. In any case, an analogue of the exact sequence 
given in Proposition 11.21 holds. 

We now associate a i^'-theory class to an elliptic Fredholm operator in \l/°(Mo; E, F). 

Lemma 1.3. For any elliptic, bounded Q G "^^^^h^Mq; E , F) such that q := (To{Q), here 
is a natural class [ao{Q)] '■= [ir* E , n* F, q] in the compactly supported K-theory ofT*MQ 
obtained by extending q to an invertible map outside a compact set o/TMq that is constant 
along the fibers of TMq — > Mq outside a compact set. This K-theory class is such that 
the Fredholm index of Q depends only on [o"o(Q)]. 

Proof. In order to associate a i^-theory class to a Fredholm operator in \l/J^(Mo; F, -F), 
we start with noting that if Q G \E'J^^;^(Mo; F, F) is such that q := ao{Q) is invertible, 
then q defines an isomorphism outside a compact subset of T*Mq by homogeneity and 
the fact that it is constant on the fibres outside a compact in Mq. Hence, regarding 
g(x,^) as a bundle map tt*E — >■ 7r*F, vr : T*Mq — )■ Mq, we obtain the desired definiton of 
[(To(Q)] := [7r*F, 7r*F, q] as in [7112H]. The dependence of the index only on [(To(<5)] follows 
as in the classical case by noticing that Q is Fredholm as long as the principal symbol is 
invertible as in [T7]. □ 

Given now a Fredholm operator P G \&°(Mo; F, F) with invertible symbol o"o(F) G 
Ca{S*Mo;E,F), by Proposition Ol we can take q G Sl^^n{T* Mq] E , F) sufficiently close 
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to cro(P) such that tao{P) + (1 — t G [0, 1], is an homotopy through invertible symbols. 
We define the symbol class of P as 

(11) IMP)] ■= ['^*E, 7r*F, q] G K\T*M^). 

This class is independent of q. If we take q = (To{Q), with Q G \E'^„;j(Mo; E, F), we have 
ind(P) = md{Q). Moreover, if two Fredholm operators have the same symbol class, then 
their indices coincide, and, in fact there is a well-defined (analytic) index map 

(12) ind : K^iTMo) Z, [(To(P)] ^ ind(P), 

where P G \l/J^(Mo; -E, F) and we use the metric to identify canonically T*Mq with TMq. 
We summarize the above discussion in the following lemma extending Lemma 11.31 

Lemma 1.4. For any elliptic, bounded Q G \E'°(Mo; -E, P) such that q := (To{Q), there 
is a natural class [ao{Q)] := [it* E , it* F, q] in the compactly supported K-theory ofT*Mo 
obtained by extending q to an invertible map outside a compact set o/TMq that is asymp- 
totically constant along the fibers of TMq — )■ Mq. This K-theory class is such that the 
Fredholm index of Q depends only on [ao{Q)]. 

For a manifold X, we let H*{X), respectively H*(X), denote the cohomology, respec- 
tively the compactly supported cohomology, of X. Recall that throughout this section, 
we assume that Mq is the interior of a compact manifold with corners M. Let TM be 
the radial compactification of the tangent bundle to M. Then the pair [TM, dTM) is 
homeomorphic to the similar pair associated to a manifold with boundary. Hence the 
(even) Chern character yields a map 

cho : K^iTMo) H^*{TMo) = H^*{TM,dTM). 

(We will also consider later on the odd Chern character chi defined on K^.) Let also 
Td{TcM) G H*{M) denote the Todd class of the complexified tangent bundle TM ® 
C. Note that since TM is oriented, there is a well-defined fundamental class [TMq] G 
H2n{TM,dTM) (see for instance [35] for details on these constructions). 

The following result is an immediate extension of a result in |1^ from operators that 
are multiplication outside a compact to operators that are only asymptotically so. Let 
vr : TM M denote the natural projection. We have cho[ao{P)] G H'^*{TM, dTM) and 
7r*Td{TcM) G H^*{TM) so their product is in H^*{TM,dTM) = HI*{TMq). 

Theorem 1.5. Let P G ^°(Mo; P, P) be such that ao{P) is invertible m Ca{S*Mo; P, P). 
Then P is Fredholm and 

ind(P) = {-ircho[ao{P)]n*Td{TcM)[TMo], 
where [o-q{P)] is defined using Lemma \T^[ 
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Proof. The fact that P is Fredholm follows from Proposition 11.21 The rest of the proof 
follows from the discussion before the statement of this theorem. Indeed, let P G 
\Ef°(Mo; -E, -F) be elliptic. Then we can find Po e ^'l^n{Mo;E,F) that is close enoum 
to P such that the straight line joining P and Pq consists of invertible operators. Both 
the left hand side and the right hand side of our index formula are homotopy invariant. 
For Po they are equal by [17]. For P, they will be therefore equal as well, by homotopy 
invariance. □ 

1.3. Comparison spaces. In this subsection, we extend by deformation the index for- 
mula of Theorem ll.Sl to certain pseudodifferential operators on noncompact manifolds that 
extend to the compactification M of Mq in a suitable sense. More precisely, we require 
the principal symbols of our operators to extend to a so-called "comparison space" and 
there is an invertible complete symbol at the boundary. We thus generalize the approach 
in [23l [36] , using homotopy to asymptotically multiplication symbols. 

Recall that M is a compactification of Mq to a manifold with corners. In this section, 
we fix a vector bundle A over M such that A\mo — TMq (later, when we consider Lie 
structures, such an A will be naturally associated to Mq.) Denote by A the fiber- wise 
radial compactification of A, so A is a manifold with corners that fibers over M with fibers 
closed balls of dimension n. We identify A with A* using a fixed metric. Let {S*A)qm be 
the restriction of the cosphere bundle S*A to the boundary dM of M. Define 

(13) n:=d(A) = {S*A)UA\9M 
such that 

C{n) = {{f,g) e C{S*A)®C(A\aM) : /|(5*A)aM = 9is*A)uA- 

The space Q will play an important role in what follows. It is closely related to a similar 
space introduced by Cordes and his colaborators in his work on Gelfand theory for non- 
compact manifolds [IHl HE] . 

Let "^AiMo^E) C \E'°(Mo;-E) be a *-algebra of order 0, bounded, pseudodifferential 
operators. We say that is a comparison space for \E'a(Md;-E') if there is a surjective 
homomorphism 

(14) ajuii : ^a{Mo;E) -> C(fi) 

such that <Jfuii{P)\s*Mo = c"o(-P)5 with kernel included in the algebra of compact operators. 
We call 0" full a full symbol and write a juu = (o"o, ag), where 

aa : ^a{Mo;E) C(A\9m) 

is the boundary symbol morphism. An operator with invertible full symbol is called fully 
elliptic. We shall give an index formula for fully elliptic operators in this setting, reducing 
to asymptotically multiplication operators. 
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We see first that any function in C{Q) can be liomotoped over tlie interior to an asymp- 
totically multiplication symbol. Since the fibres of A are isomorphic to the n-dimensional 
half sphere S" and hence contractible, we have that Q is homotopy equivalent to the 
space fl obtained from the cosphere bundle S*A by collapsing the fibers above points 
of the boundary. More precisely, Q := {S*A)/ ~, with (x,^) ~ {x,$,'), for x G dM, 
e S*A^. Since 

C{n) = {f e C{n) : f constant on fibers over dM} 

= {/ G C{S*A) : f constant on fibers over dM}, 

we conclude that every / G C{Q) is canonically homotopic to some / G C{Q) constant on 
the fibres of A\qm ~^ dM (this is achieved by a homotopy equivalence between Q and fl). 
Moreover, if / is invertible, the canonical homotopy between / and / is through invertible 
functions. We now have the following: 

Lemma 1.6. // / G C{Q,E) is constant on fibers of A\dM — ^ dM, then fo := f\s*Ma ^ 
Ca{S*MQ, E). In particular, let f G C{Q,E), then f is homotopic to f & C{Q,E) C 
C{Q,E) and hence it satisfies fo := /|5*a/o G Ca{S* Mq, E). 

Proof. We consider only the scalar case. Let p G C{dM) be such that f{s*A)gM = P- It 
suffices to show that, given e > 0, there is a neighborhood U of dM in M such that for 
yeMoHU, ^,CeS;Mo, 

(15) ||/o(z/,0-/o(z/,nil <e 

so that follows with K = M\U. We can do this locally, so assume Ux is a neighborhood 
ofxedM such that 7i~\Ux) ^ x ti:S*A^ M. Let 

K:={(z/,Oef/.x^"-i: \\f{y,i)-p{x)\\<e/2}. 

By continuity of / in 5*^4, we have that is open in Ux x 5""^. Moreover, since 
f{y-ii) = p{y)^ y ^ dM, it contains Wx x S*""^ for some Wx C dM open. Hence, Vx 
can be taken as Ux x 5*""^, for some open neighborhood Ux of Wx in M so that f|T5|) 
holds if y G Ux- The last statement follows from the fact that Q and Q are homotopy 
equivalent. □ 

Let us notice that for / G C{Q, E), the restriction f\s*Mo completely determines / since 
S*Mq is dense in VL. Let now P G \&^(M; E) have invertible symbol 

0=(ao(P),aa(P))GC(fi,E). 

(In the terminology introduced earlier, P is fully elliptic.) From the previous lemma, 
there is an invertible G C{VL, E) C C{Q, E) homotopic through invertibles to 0, with 
5 := 4>\s*Mo £ Ca{S* Mq, E) and a := cro(P) and a are homotopic (over Mq). If we let 
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a = o"o(P), for some P G \I/J^(Mo; -E')n\l/^(M; E), then P is Fredholm, since a is invertible. 
Moreover, from the surjectivity of the complete symbol map (IT^ . there is a continuous 
family Pf G \E'° (M; E), t E [0, 1], lifting the homotopy between (p and (p. Hence Pq = P 
and Pi = P and ind(P) = ind(P). 

We conclude also that any fully elliptic operator P G '^\{M] E, F) has associated a 
well-defined /^-theory class [o'fuiiiP)] extending by homotopy the definition in Equation 
( ITTll as follows. We know that P is homotopic to some P G \E'°(Mo; E) through Fredholm 
operators in \Ef°(Mo;i?) and [afuii{P)] '■= [col-P)]; so that 

(16) i^fuuiP)] ■■= IMP)] = [7r*E,7T*F,p\ G K\TM,), 

where we assume p is an extension of the principal symbol of P to a function that is 
multiplication at infinity and homotopic to o"o(P) over the interior. In particular. 

ind(P) = ind(P) = ind([ao(P)]) = ind([?;„„(^)])- 

Consider now, for P G '^^M; E, F) fully elliptic, 

(17) WfuiiiP)] ■■= [(ao(P),aa(P))] G KiiCm = K\n) 

where cra(P) G C{Aqm) and (To(P) G C{S*A) denote the boundary and principal symbol, 
respectively. Let us consider the connecting map d : K^{Q) — )■ K^{TMq) in the long 
exact sequence of the pair {A,dA) = {A,Q). We summarize the above discussion to the 
following generalization of Lemma 11.41 

Lemma 1.7. For any fully elliptic P G \E'^(M; E, F) there is a natural class 

[afMP)] ■= [7i*E,n*F,p] 

in the compactly supported K -theory ofT*MQ obtained by extending cFfuu{P) to a contin- 
uous endomorphism p invertible outside a compact set o/TMq. This K -theory class is 
such that the Fredholm index of P depends only on (P)] and 

[ajMP)] = d[{MP),^a{P))] = d[afMP)]- 

Let us also notice that Q is homotopically equivalent to the boundary of an oriented 
smooth manifold with boundary, and hence it has a well defined fundamental class [Q] G 
-f^2n-i(^)- If [A] denotes the fundamental class of A in H2niA,Q), then [Q] = d[A]. 
Using the compatibility of the boundary maps in K-theory and cohomology, that is, the 
fact that the Chern character is a natural transformation of cohomology theories (see 
[iO] for an extension of this result to non-commutative algebras), we obtain the following 
result as a consequence of the Atiyah-Singer index formula extended to operators that are 
asymptotically multiplication operators (Theorem II. 5p . 

As before, let Td{TcM) denote the Todd class of the complexified tangent bundle of 
M, and vr : T*M — )■ M. Also, we denote hj ttq : Q ^ M the natural projection. 
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Theorem 1.8. Let Q be a comparison space for \1/°(M;£',F) and P G \I/^(M;£',F) 
be fully elliptic operator (that is, an elliptic operator with o'd{P) invertible in C{A\gM))- 
Then P is Fredholm and 

md(P) = {-irdio[afuu{P)]7r*Td{TcM)[TMo] = (-1)" ch,[afuii{P)]7r*^Td{TcM)[n], 

where (P)] is defined using Lemma \l.l\ 

Proof. Again, the proof of the first equality foUows from the discussion before the state- 
ment of the theorem. Indeed, let us choose a homotopy between P and P G \E'°(Mo; -E, F) 
through Fredholm operators '^\{M\E,F). Both the left hand side and the right hand 
side(s) of the index formula of this theorem are homotopy invariant. For P they are equal 
in view of Theorem 11.51 by homotopy invariance, they will be equal also for P. To prove 
the last equality, we just use the fact that the Chern character is compatible with the 
boundary maps in i^-theory and cohomology. (A proof of a generalization of this result 
to non-commutative algebras can be found in [IQ].) □ 

2. Index formula on asymptotically commutative Lie manifolds 

From now on, we endow Mq with the structure of a Lie manifold with compactification 
M and structural Lie algebra of vector fields V (see below for the definitions). There 
is associated to (M, V) a well-behaved pseudodifferential calculus and, for operators in 
this calculus, Fredholm criteria follow from the pseudodifferential calculus of operators on 
groupoids [H [31] . 

We show that if we introduce the additional assumptions on the structural Lie algebra 
V that it be asymptotically commutative, then there will exist a (commutative) complete 
symbol and hence we can apply the results in the previous section. Recall that in this 
section n may be arbitrary (in the following section will be assumed to be even). 

2.1. Operators on Lie manifolds. In this section, M will denote a compact manifold 
with corners and Mq = int{M), as before. Also, let Vm denote the Lie algebra of vector 
fields that are tangent to all faces of M. We always assume that each hyperface H G M 
is an embedded submanifold of M and hence that it has a defining function xh (recall 
that this means that xh is smooth on M, xh > 0, if = {xh = 0}, and dxn 7^ on H). 

We recall the main definitions of |31 llj. We say that a Lie subalgebra V C Vm is a 
structural Lie algebra of vector fields if it is a Lie algebra with respect to the Lie bracket 
and it is also a finitely generated, projective, C°°(M)-module. By the Serre-Swan theorem, 
we have that there exists a vector bundle A such that V = r(y4). Moreover, there is a 
vector bundle morphism p : A ^ TM, called anchor map, which induces the inclusion 
map p : V = T{A) — )■ r(TM). It thus follows that A with the given structure is naturally 
a Lie algebroid. 
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Definition 2.1. A Lie manifold Mq is given by a pair (M, V) where Mq = int{M) and V 
is structural Lie algebra of vector fields such that p\mo '■ A\mo ~^ TMq is an isomorphism. 

A metric on Mq that is obtained from a metric on A by restriction to A\mq — TMq will 
be called a compatible metric on Mq. Any two such metrics are Lipschitz equivalent. We 
fix one of these metrics on Mq in what follows. 

To a Lie manifold (M, V) we associate the algebra Diffv(Afo) of V- differential operators 
on Mq, defined as the enveloping algebra of V (generated by V and C°°(M)). It was shown 
in [3] that Diffv(Mo) contains all geometric operators on Mq associated to a compatible 
metric, such as the Dirac and generalized Dirac operators. (This property of Diffv(Mo) 
will be used in Section |3l) One defines differential operators acting between sections of 
vector bundles E, F over M as 

Difrv(Mo;E,F) := epM^(Difrv(Mo))ei5, 

where ce^cf are projections onto E,F C M x C^. In [1], a class of pseudodifferen- 
tial operators associated to a given Lie structure at infinity is defined by a process of 
microlocalizing Diffv(Mo; -F). We outline this construction below. 

Recall that we first define the class S™'{A*) C C°°(A*) as functions satisfying the 
usual symbol estimates on coordinate patches trivializing A*, which are moreover classi- 
cal symbols. By inverse Fourier transform on the fibres, each symbol a G S^{A*) defines 
a distribution Fj^{a) on A that is conormal to M. By restriction, Fj^{a) defines a 
distribution on TMq conormal to Mq. We fix a metric on A which then defines a compat- 
ible metric. We denote by exp the (geodesic) exponential map associated to this metric 
(yielding exp^. : T^Mq — )■ Mq for each x G Mq). Now for some r > 0, let 

$ : (TMo), ^ K C Mo X Mo, G (T^Mq), ^ (x, exp^{-v)) 

be the diffeomorphism given by the Riemann-Weyl fibration, where (TMo)r are the vectors 
with norm less than r, Vr is an open neighborhood of the diagonal Mo = A^/y C Mq, 
and r > is less than the injectivity radius of Mq, which is known to be positive. Fix a 
smooth function x, with supp x ^ and x = 1 on a neighborhhod of the zero section of 
A, which is identified with M. For a G S"^{A*), define a distribution on Mq, conormal to 
Mq by 

(18) g^(a):=$,(xJ-7,^(a)). 

Let a^{D) denote the operator on Mo with Schwartz kernel q^. Then a^{D) is a properly 
supported (if r < oo) pseudodifferential operator on Mq. 

For each X G V = T{A), let ^jjx ■ C^{M) -> C^{M) be the operator induced by the 
global flow : M X M M by evaluation at 1. 

Definition 2.2. The space \l/y(Mo) of pseudodifferential operators generated by the Lie 
structure at infinity (M, V) is the linear space of operators C^(Mo) — )■ C^(Mo) generated 
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by a^{D), with a G and h^{D)ipx^ ■ --i^x^, with b e S^°^{A*) and Xi, • ■ ■ e 

V = T{A). 

We define similarly the space \E'y (Mq; -E, F) of pseudodifferential operators acting be- 
tween sections of vector bundles E, F over M. 

As for the usual algebras of pseudodifferential operators, we have the following basic 
property of the principal symbol (Proposition 2.6 [I]): the principal symbol establishes 
isomorphisms 

am. : ^:^(Mo)/^™-'(Mo) ^ 5"^(A*)/5""^(A*) = C^{S*A). 

We note that the set of all a^{D), with a G S°°{A*) is not closed under composition of 
operators, that is why we consider extra operators in \E^~°°(Mo). To show that \l/y (Mq) 
is indeed closed under composition, results from the following section are needed. 

2.2. Operators on groupoids. In order to obtain algebraic properties and, in particular, 
Fredholm criteria, an important result is that (Mq) can be recovered from an algebra 
of pseudodifferential operators on a suitable groupoid integrating A. We review the main 
definitions of the theory of pseudodifferential operators on groupoids, for the benefit of 
the reader (see [32l [39] ). 

For a Lie groupoid Q with space of units given by a manifold with corners M, with 
d,r : Q ^ M the domain and range maps, P = (P^) G \E'"*(^) is defined as a smooth 
family of pseudodifferential operators on the fibres Qx '■= d^^{x), x G M, which is right- 
invariant, that is, UgPd{g) = Pr{g)Ug where Ug : C°°{Gd{g) C°°{Gr{g)),Ug{f)g' := f{g'g). 
Recall that the definition of a Lie groupoid requires the sets Qx '■= d"^{x) to be smooth 
manifolds (no corners). We also assume that this family is uniformly supported, in that 

supp(P) = U^./i(supp(i^'^)) C g 

is compact, where fi{g, h) = gh~^ and Kx denotes the Schwartz kernel of (a distribution 
on Qx X Qx)- In this case, each Px is properly supported, so that the composition gh~^ is 
well defined. Moreover, P acts on C°°{Q). Let T'^Q = kerci* = UTxGx be the vertical 
tangent bundle and denote by A{Q) := (T'^Q) the Lie algebroid of Q and S*A{Q) := 
{A{Q)*\0) /M^ its cosphere bundle. Let us fix a metric on A. This choice defines a principal 
symbol map am '■ "^"^{Q) — > C"^ (S* A(Q)) , which is surjective, with kernel \E^'^~^(^). One 
can define similarly operators acting between sections of vector bundles: if E' is a vector 
bundle over the space of units M, then '$"^{Q,r*E) is well-defined as above. 

For each x G M, we consider the regular representation vr^ of \E'°°(^) on C°°{Qx) de- 
fined as nx{P) := Px- When restricted to order zero operators, this is a bounded *- 
representation, for all x. For P G \l/°(^), let 



(19) 



P\\r:= sup ||vr,(P)|| 
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be the reduced C*-norm. We shall also need the full C*-norm defined as 

||P|| :=sup||p(P)||, 
p 

where p ranges through bounded ^-representation of '^^{Q) such that for T G \E'~°°(^), 
p{T) < ||T||i, with II 111 defined by integrating the Schwartz kernels over the fibres (see 
[32] for the precise definitions). Endowing \&°(^) with the full norm || ||, we have that the 
principal symbol extends to a bounded *-homomorphism 

(20) a,:W{g)^C^{S*A{g)), 

surjective, with kernel C*{Q) := \&~°°(^)). (A similar result holds for the reduced norm.) 

If y C M is an invariant subset (that is, d~^{Y) = r~^{Y)), then Qy '■= d~^{Y) is also 
a continuous family groupoid, with units Y and there is a well-defined restriction map 
TZy : ^™(^;£;) ^''^(^y;Ey). In this case, Lemma 3 in [32] gives that the following 
sequence is exact: 

where the fibered product "^^{Qy) ^Co(5*A{e)y)Co(5'*A(^)) is defined as the algebra of pairs 

iQ, f) e WiQy) X Co{S*A{g)) such that a^^Q) = f\s'Aigw 

If Mq = int{M) is an invariant subset, one can define the so-called vector representation 
VTjv/p, which associates to P G \l/°(^) a pseudodifferential operator 7rjv/o(-P) : ^^(^o) ~^ 
C^(Mo) by the formula 71mo{P)u = Uo, with P{u or) = uq o r [M]. Recall that a Lie 
groupoid is called d-connected if all the sets Q^; := d~^{x) are connected. If A — >■ M is a 
Lie algebroid on M, we say that Q integrates A if A{Q) = A. We shall need Theorem 3.3 
from [1], which gives that 

Theorem 2.3. Let (M, V) be a Lie manifold with Lie algebroid A and Q be a d-connected 
groupoid over M integrating A. Then \E'y (Mq) = 7rjv/o(^'"(^))- 

The right-hand-side is well defined since, as we shall see next, one can always assume 
that Mq is an invariant subset of such Q. In particular, it follows that the classes \E'y (Mq) 
define a filtered algebra on \Ef^(Mo). 

The problem of integrating Lie algebroids was solved in [20], though for our purposes, 
the results in [38] suffice. Namely, Mq and dM form an A-invariant stratification of M, so 
it follows from the glueing theorem in [38] that it suffices to integrate along these strata. 
Since the anchor map p is a diffeomorphism over the interior, we can take the ^-connected 
groupoid Q integrating A to coincide with the pair groupoid over the interior, meaning 
that Qmo — ^0 ^ in case Mq is connected. (The general case of non-connected Mq 
can be reduced to the connected case by taking the compactification of each connected 
component.) It then follows from [SB] that, if Qqm is a groupoid integrating Aqm, then 

(22) g = Gmo U GdM = (Mo X Mo) U Gbm, 
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has the structure of a differentiable groupoid with Lie algebroid A. We see that Mq is 
indeed an invariant subset, and moreover, since Qmq is the pair groupoid, one has that 
C*{Qmo) — ^{L^ (Mq)) , the isomorphism being induced either by the vector representation 
TiMo or by VTj,, x G Mq, noting that these representations are equivalent through the 
isometry r : ^ Mq. In particular, the vector representation ttmo is bounded. Fredholm 
criteria now follow from the exact sequence (I2T1) as in [32] (Theorem 4). 

From now on we shall assume that Q is a d-connected Lie groupoid integrating the Lie 
algebroid A ^ M defined by a Lie manifold (M, V) . We shall also assume that the vector 
representation ttmo is injective on In particular, = \l/y(Mo). Moreover, 

since C*{Q) C and timo factors through the reduced C*-algebra of Q, so that 

7rMo(C'*(^)) = ttmo{C*{Q)), we hence obtain that Q is amenable, in that the reduced and 
full norms coincide. 

We shall use the isomorphism above to carry to (Mq) all concepts defined for 
At the level of symbols, we have am{P) = o'mi'n'MoiQ)) = CTmiQ) on Mq, for any P G 
(Mo). We shall also need the map of restriction to the boundary for operators on 
(M,V) 

aa : ^O(Afo) ^ W^iG^, P ^ TZoiQ) = QUi, 
where TiMaiQ) = P and TZq : ^°(^) — \&°(^5m) is restriction to the boundary. 

Proposition 2.4. Let (M, V) be a Lie manifold with Lie algebroid A and Q be a d- 
connected groupoid as in ( l22i) satisfying A{Q) ~ A. Assume that the representation timq 
is injective on as above. Then 

W{g)/lC ^ C{S*A) xcis*A,,,) ^%GaM) 

:= {(a,g) G Co{S*A) X WiG^^^^aUj = MQ) e C{S*A9m) } 

and P G ^y(Mo) is Fredholm if, and only if, it is elliptic and ctqIP) is invertible in 

Proof. Since ttmo is injective and 'n'MoC*{GMo) — ^(-^^(^o))) we have the induced rep- 
resentation 7i' : ^°(^)/C*(^Mo) 'B(L^(Mo))//C, which is also injective. Hence, P = 
T^MoiQ) is Fredholm if, and only if the class of Q is invertible in '^^ {Q) / C* {Q Mq) ■ The 
result follows from ( l2Tll . □ 

Moreover, the amenability of Q yields that the restriction Qqm is also amenable [43] 
Prop. 3.7). In this case, p := lixedhiT^x is an injective representation of '^^{Qdu) and 
crg(P), as above, is invertible if, and only if, ag{P)x = Qx is invertible for all x G dM, 
with TTMoiQ) = P- (The same is true also for \l/°°(^aA/), since if p(P) = 0, then p(P(l + 
P*P)-V^) = 0.) 
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Elliptic operators P with invertible <Jq{P) are sometimes called fully elliptic and the 
algebra '^^{Qdu) is the so-called indicial algebra. If tim^ is not injective for some x G Mq, 
then we only have a sufficient condition for Fredholmness. 

To finish this section, we prove a result that will later enable us to compute the index 
of operators with order m > from the index of order operators. 

Lemma 2.5. Let Q e ^^(Mq; E) and P := Q(l + Q*Q)-^/^. Then P e *^(Mo;^) 

Proof. Let Q be the canonical groupoid integrating (M, V). It follows from groupoid 
calculus applied to ^°(^), more precisely from Theorem 7.2 in [31], that if L G \E'^™(^) is 
such that L > 1 and a2m{L) > then SL'^^^ G ^^{G), for any S G ^™(^). From Theorem 
12. 3[ let R G \E''"(^) be such that hmo{R) = Q, with ttmq the vector representation. Then 

1 + = 1 + 7lM,{Ry7lMo{R) = VrA/o(l + R*R) 

and we can apply the result above to 1 + R*R to obtain R{1 + G ^°(^). Hence 

7rMo(^(l + R*R)~^^^) G ^v°(Mo)- It follows from the definitions that 

7rM„((l + R*R)-^/^) = 7rM„(l + 
so that P = Q{1 + Q*Q)-^/^ G *^(Mo). □ 

Note that if P and Q are as in the lemma above (Lemma 12.51) . o"m(Q) and cro(P) 
are homotopic as sections of 5**^. Moreover, if we define the map of restriction to the 
boundary aa : ^^(Mo;E) ^™(^aM;r-*E) given, as before, by aa{Q) := 7^a(i^), with 
TTMoiR) = Q, then it follows from the proof that 

hence <Jd{P) is invertible if, and only if, (Jg{Q) is. We say that Q G "^^{Mq; E) is /u//?/ 
elliptic if, and only if, P is. In that case, P is Fredholm and Q will also be Fredholm, in 
the setting of unbounded operators, with md{Q) = ind(P) (see Section [XT]) . 

2.3. The asymptotically commutative case. In this subsection, we prove an index 
formula for certain classes of pseudodifferential operators on Lie manifolds whose associ- 
ated groupoids are such that the restrictions at the boundary yield bundles of commutative 
Lie groups. The main point is giving conditions that yield commutativity of the algebra 
^^(^aM), using the notation of the previous section, so that Fredholmness depends on 
invertibility in an algebra of functions, thus reducing to the setting considered in Section 
IL3[ This is known to hold for the scattering and double-edge calculus [321 ESI EH ESI SI] • 
The dimension of M is denoted by n, as before. Recall that in this section, we do not 
assume n to be even. 

Definition 2.6. Let (M, W) be a connected Lie manifold with Lie algebroid tt : Ay^ — M 
with the property that any X G W vanishes at the boundary dM (that is, on any face 
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of the boundary) and the resulting Lie algebras Ay^;^^ := 7r~^(x) are commutative. A 
Lie manifold (M, W) with this property will be called an asymptotically commutative Lie 
manifold, and W will be called commutative at infinity. 

(We reserve the notation W for asymptotically commutative structural Lie algebras of 
vector fields, whereas V will denote a general such structural Lie algebra of vector fields.) 

Let (M, W) be an asymptotically commutative Lie manifold. Then a groupoid inte- 
grating Ayv\gM is Ay^Iqm itself (since the commutative Lie algebra identifies with itself 
via the exponential map). According to [M], there will be a unique Lie manifold structure 
on the disjoint union 

(23) g := {Mo X Mo) U A^A;\dM 

such that ^ is a Lie groupoid integrating A = Ay\j. Thus any Lie algebroid associated to 
an asymptotically commutative Lie manifold has a canonical Lie groupoid integrating it. 
Let A be the sphere bundle obtained by radial compactification of the fibres of A. 

Proposition 2.7. Assume (M, W) is an asymptotically commutative Lie manifold and 
let Q he the canonical Lie algebroid integrating it, as in Equation ( l23l) . Then "^^{QdM) is 
commutative and 

^%g9M)=C(A\aM). 

Proof. It follows from fl23l) that the algebra of pseudodifferential operators on Qqm coin- 
cides with \&°(y4aAf), that is, with the algebra of continuous families of {Px) of translation 
invariant pseudodifferential operators Px acting on the fibers {AgM)x of Aqm, x G dM. 

Now, the pseudodifferential operators of order zero on a vector space V that are transla- 
tion invariant coincide with convolution operators with functions whose Fourier transform 
is in 

J^iV) = {pe C^{V) : p{y, ■■= PiO e S'{T*V)} 

(symbols of order zero that are independent of y). The algebra of convolution operators 
is commutative, so it follows straight away that "^^IAqm) is commutative. (In particular, 

the reduced and full C*-norms coincide.) Moreover, one can check that S^{V) = C(y), 
with V the radial compactification of V. Hence, "^^{Aqm) — C{A\qm), since there is 
a isomorphism between elements of '^^{Aqm) and continuous families in S^{Ax), which 
is bounded with respect to the reduced, hence the full, norm. This proves \E'°(^g)) = 
C{A\qm), as claimed. □ 

Note that it follows from the proof that the isomorphism above is really given by the 
total symbol, as in (j4j), of the indicial boundary operator. For order m > operators, 

we have ^™(^sa/) = '^"'{A\dM) = S'^iAloM) C C°°(A|aM), the isomorphism being again 
given by the total symbol, that is, including the lower order terms of the symbol. (This 
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total symbol is defined since the resulting operators on the fibers of A ^ DM are transla- 
tion invariant, and hence they are convolution operators. The total symbol is simply the 
Fourier transform of the resulting convolution distributions.) 

As in Section Ol Equation <^ consider Q. := d{A) = {S*A) UA\aM such that C(fi) = 
{(/, g) E C{S*A) © C(A\aM), f = 9 on S*AaM}. 

Define the boundary symbol for operators on (M, W) by 

(24) aa:^UMo;E)^C(A\sM) 

as the map of restriction to the boundary composed with the isomorphism given by the 
previous proposition. For P G '^'^{Mq; E), the boundary symbol is just given by the total 
symbol of UaiQ) = QIqm e ^'{Aqm), with 7^aM : ^"'{g,r*E) W\AaM.r*EaM) the 
restriction map and HMoiQ) = P- 

Moreover, it follows from fl^Tl) that C(f2) is the recipient of full symbols of pseudodif- 
ferential operators on M, since C{A\aM) Xco(5*AaM) C.o{S*A) = C{dA) = C{Q). We have 
then a map 

(25) afuii := (ao, aa) : K^iM^E) ^ C{n), 

which is surjective, continuous and a *-algebra morphism. We will see in the next propo- 
sition that /C C ker (Tfuii, so it follows that Q = d{A) is a comparison space for ^f^(M; E) 
(see Equation (IT^ ). and hence the results from Section [L3] apply. 

Proposition 2.8. Assume (M, W) is an asymptotically commutative Lie manifold and let 
Q be the canonical Lie groupoid integrating it, as in Equation ( l23l) . Then ttmq is injective 
on "^^(Q), and hence the following sequence is exact. 

(26) > IC{M;E) > ^^^(M; E) C{n) > 0. 

In particular, an operator P G \E'yy(M ; E) is Fredholm if, and only if, it is fully elliptic, 
meaning that (Jfuii{P) = {ao^P) , cai^P)) G C{fl) is invertible. 

Proof. The second part will follow from the first part using Proposition 12. 4[ so we con- 
centrate on proving the injectivity of timq- Let / be the kernel of ttmq- We want to show 
that / = {0}. We have that -Kmq is injective on the subalgebra of compact operators of 
\E'^(M, E), so I n K, = 0. It follows that (ctq, caM) is injective on /, since it has kernel /C. 

Let P E I C '^^{M,E). We can recover the principal symbol of P from its action 
on Mq [2], [28l [3l] so we can assume m < 0. By replacing P with a power of P*P, we 
can assume that m < —n. The Fourier transform (as in Equation (|T8|) ) then allows us to 
recover the boundary symbol of P since for x approaching the boundary, the exponential 
map increases its radius of injectivity (so the cutoff x will affect less and less the kernel 
of the resulting operator). This shows that ttmq is injective on ^^{Q). □ 



22 



C. CARVALHO AND V. NISTOR 



In this case, let [a"o(P)] G K^{TMq) denote the i^^-theory class associated to P, as in 
([E]), and [(JfuiAP)] ■■= [(aa(P),ao(P))] G K\{C{Q)) = K\n) denote the class in K\ As 
before, let Td(TcM) denote the Todd class of the complexified tangent bundle of M, and 
TT : T*M — )■ M. Also, we denote hj ttq : Q = d{A) — > M the natural projection. From 
Theorem 11.81 it finally follows: 

Theorem 2.9. Let (M, W) be an asymptotically commutative Lie manifold manifold with 
Lie algebroid A, Q := d{A), and let P G ^yy(M;£') be an elliptic operator with ad{P) 
invertible in C{Aqm)- Then, 



ind(P) = {-ircho[afuii{P)]n*Td{TcM)[TMo] = {-1^ chi[afuii{P)]7i*^Td{TcM)[n], 



where [(TfuiiiP)] G K^{TMq) is defined using Lemma \l.l\ 

Our main example of an asymptotically commutative Lie manifold (M, W) is obtained 
as follows. Let (M, V) be a Lie manifold and let Xk be boundary defining functions of the 
hyperfaces of M. Choose G N = {1,2,...}. Then, as in the Equation (j3]), we introduce 



is also a structural Lie algebra of vector fields, since it is closed for Lie brackets, and a 
finitely generated, projective C°°(M)-module. Hence (M, W) is a Lie manifold that is 
easily seen to be asymptotically commutative. 

The previous result extends the known index formulas for the scattering calculus on 
manifolds with boundary, where Vsc '■= xVb, with a: is a boundary defining function and 
Vb is the Lie algebra of vector fields tangent to the boundary, and for the double-edge 
calculus, where Vde = xVe, with Vg the edge vector fields induced by a fibration of the 
boundary [261 EOl ESI |36] . Moreover, the index formula above can be proved in the same 
way considering families of pseudodifferential operators over a compact base space B 
(the index now takes values in K^{B)) using a generalization of the Atiyah-Singer index 
theorem for families of asymptotically multiplication operators. In this sense. Theorem 
12.91 yields the result in [30] for families of scattering pseudodifferential operators. 

In the next section, we will apply the index formula above to compute the index of 
perturbed Dirac operators on general Lie manifolds. 



Throughout this section, we let Mq be a non-compact, even dimensional manifold Mq, 
which, as before, is assumed to be the interior of a Lie manfold (M, V). We fix a set {xk} 
of defining functions of M and let 



>V := /V, with / := Iix\ 



k 1 



3. Perturbed Dirac operators 



(27) 



f:=nxl\ afcGN, 
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(so Ofc > 0). We consider in this section a Dirac operator^ coupled with a potential V, 
that is, an operator of the form 

(28) T =p + V ■. = pm + i§)V 

on compactly supported sections of some vector bundles defined on Mq. By a potential 
we shall always mean an odd, self-adjoint endomorphism of a Z2-graded vector bundle 
over Mq. An operator T of this type with will be called a Callias-type operator. (More 
precisely, T is the closure of T®! + l^V.) We assume the potential V to be of the form 

V:= rVo = nxr^K), 

where Vq extends to a smooth function on M, invertihle at the boundary. In particular, 
the potential V is unbounded. 

We apply the results of the previous section to give a cohomological formula for the 
index of := {Ip + V)^ . The main point is to reduce the calculation of the index of 
to the case of a Dirac operator coupled with a hounded potential on the asymptotically 
commutative Lie manifold (M, W) defined by W := /V, and show that the index can be 
obtained from Theorem 12.91 More precisely, we shall show that 

(29) ind(T+) = ind(Q) for Q := f/^T+f^^ E ^^(M; Fq, F,), W := /V, 
for suitable vector bundles Fq and Fi. We then use that 

P := g(l + Q*Qr'/' G ^%{M;Fo,F,) 

also satifies ind(P"'") = ind{Q~^). Finally, we show that ind(P"''), and hence also ind(T"'') = 
ind(P"'"), can be computed using Theorem 12.91 

3.1. Dirac and Callias operators. Let W and E be Z2-graded vector bundles over M. 
We endow W ® E with the usual grading and denote by W<^E the resulting Z2-graded 
vector bundle, namely, 

{W^E)+ = {W^ ® E+) ® {W- E-) and (W^E)- = {W- ® E+) ® {W+ ® E-). 

If V E End(£') is an endomorphism, then it acts on C°°{E) as a (pseudo) differential 
operator of order 0. 

Definition 3.1. An operator T : C^{Mo;W^E) C^{Mo;W^E) is said to be a 
Callias-type pseudodifferential operator on the Lie manifold (M, V) if 

T := D + V := D®1 + l^V. 

where D G \E'^(M, W), m > 0, is an odd, symmetric, elliptic operator and V G End(-E'lMo) 
is odd and self-adjoint and invertible outside a compact set. We refer to ^ as a potential. 
We shall also assume our potential V to be invertible outside a compact subset of Mq. The 
closure of an operator of the form T = D + V will also be called a Callias-type operator. 
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When D is the (generahzed) Dirac operator, these operators are also called Dirac- 
Schrodinger operators and were first considered by Callias (in the odd dimensional Eu- 
clidean space [IS]). See also [HI [151 |23l [22] ^.nd references therein for more results on index 
theory of Dirac-Schrodinger and Callias type operators on even-dimensional manifolds. 

Remark 3.2. On odd dimensional manifolds, the Callias-type operators are of the form 
p + tV, where V is self-adjoint and invertible at infinity. See[Sl[Sl[ni[ini[ISl[2Il[SDl[12] 
for more on the index of Calias type operators in the odd-case. 

Recall that a symmetric (hence closable) operator T is essentially self-adjoint if its 
closure is self-adjoint, that is, if < Tx,y >=< x,Ty >, for all x,y E V(T) = V{T*). (We 
shall always denote the minimal closure of an operator by the same letter.) 

In the following lemma, we assume that the potential Vq extends to M, in particular, 
it is bounded. (We will prove such a result for an unbounded potential in Section [3^ ) 

Lemma 3.3. Let D G \&y(M, H^), m > 0, be an odd, symmetric, elliptic operator. As- 
sume that Vq extends to a smooth function on M, as before, then the Callias-type operator 
T = D + VqE (^o; W^E) is elliptic and essentially self-adjoint on C^{Mo; W^E). 

Proof. Ellipticity follows from am{T) = am{D). The fact that T is essentially self-adjoint 
follows, for instance, from [M] (Theorem 7.1) which yields that, with m > 0, a (possibly 
unbounded) symmetric, elliptic operator in \E'™(M;1V (g) E) is essentially self-adjoint, 
identifying *?^(M; W ^ E) = 7rMo(^™(^; r*{W ® E))), as in Theorem [531 □ 

We shall work with unbounded Fredholm operators. It will then be useful to recall the 
way they are introduced. Let T be a possibly unbounded operator with domain P(T) and 
codomain H. We shall always replace T by its closure, so assume T is closed and endow 
V(T) with the graph norm. Then T is Fredholm if, by definition, the induced bounded 
operator T : V(T) H is Fredholm (in the usual sense of having finite dimensional kernel 
and cokernel). In particular, a pseudodifferential operator Ti acting between sections of 
Eq with range sections of Ei is Fredholm if, and only if, T2 := Ti(l + T^*Ti)~^/^ is a 
Fredholm operator and, in this case, ind(Ti) = ind(T2). 

We are interested in computing the index of 

(30) T+ = {D + V)+ : C^{Mo] {W^E)+) C^{Mo] {W^E)-), 

which we shall prove to be Fredholmness between suitable Sobolev spaces. 
Note that, with respect to the grading, we can write 

Most of our results work for general odd, elliptic, positive pseudodifferential operators 
D e \&y(M;£^). However, for simplicity and because this is the most useful case in 
applications, we shall mainly be interested in the case when D is a generalized Dirac 
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operator. Recall that, in any case, the Dirac operators generate all classes in i^-homology, 
so we can always assume D to be a Dirac operator. 

3.2. Dirac operators on Lie manifolds. We introduce here generalized Dirac operators 
on Lie manifolds following [3]. Let (M, V) be a even dimensional Lie manifold endowed 
with a compatible metric g on Mq and let be a Clifford module over M endowed with 
an 74*-valued connection V'^ and a Clifford multiplication bundle map c : A^W ^ W. 
Recall that a compatible metric on Mq is a metric on TMq that extends to A ^ M. The 
restrictions of W, c, and to Mq reduce to the classical notions of a Clifford bundle 
together with an admissible connection [251 ESI ESj • 

Definition 3.4. The generalized Dirac operator p : C°°(M; W) — )■ C°°[M] W) associated 
to W is then defined as the composition 

(32) C~(M;iy) C^iM^W^A*) C°°(M; » A) C'^{M;W), 
where (p : A* ^ A is the isomorphism given by the metric. 

Since both the Clifford multiplication c and the y4*-valued connection are V-differential 
operators, of order and 1, respectively, we have that G Diffy(M; l/p^). The principal 
symbol ai{p)C, = ic{C,) G End(iy) is invertible for any 7^ 0, and hence ^ is elliptic. It 
follows from classical results thaip with domain C^(Mo; W) C L^(Mo; W) is essentially 
self-adjoint {i.e., its closure is self-adjoint), since Mq is complete. 

We can also define Dirac operators on groupoids: if ^ is a d-connected groupoid inte- 
grating A = A{V) then we can consider the Clifford module r*W and endow Q with an 
admissible connection G Diff(^; PV, ® A*) such that iTMoiP^) =P, where is the 
associated Dirac operator on Q (see [31] for details). 

Assume now that M is even- dimensional and W is Z2-graded, with the grading given 
by the chirality operator. Let also E be an Hermitian Z2-graded vector bundle over M 
and V G End(ii^) a potential (so odd, self-adjoint). We are interested in computing the 
index of 

(33) T+ = {p + : C^{Mo; {W ® E)+) ^ C^{Mo; {W^E)'). 

3.3. The case of bounded potentials. Let (M, W) be an asymptotically commutative 
Lie manifold. Recall that in this section we assume that n, the dimension of M, is even. 

Let 

(34) Q:=D + VowithDe'^'^{Mo-E®W), 

where D is an elliptic, symmetric, odd pseudodifferential operator, as in Definition 13. 1[ 
Let Vo be a bounded potential on Mq that extends to a smooth function on M that is 
invertible on dM (so, in particular, Vq is odd and symmetric). It follows from Lemma [373] 
that Q is elliptic and essentially self-adjoint on C^{Mq). 
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We define the total symbol K-theory classes afuii{Q) G K^iVt) and afuiiiQ) G K^{TMq) 
of Q in a similar way to the case of order zero symbols. First, recall that the boundary 
symbol a a : ^^w(^o; E) ^ C{A\sm) is given by 

with TTMoiS) = P,nd : ^""(G) ^™(^aA/) is restriction to the boundary and ct^*(^x), 
X G dM, is the total symbol of the operator 5*^ on (including lower order terms). 

Lemma 3.5. Let Q be as in Equation dMD and P := Q{1 + Q^)"^/^ Then P E 
\E'yy(Mo; ® -E) is fully elliptic, in the sense that its principal symbol cro{P) and the 
boundary symbol ag{P), defined by continuity, are invertible. 

Proof. It follows from Lemma [2]5] that P G \E'^(Mo; W ® E). We have that P is elliptic, 
since Q is. To understand the boundary operators, since W is commutative at the bound- 
ary, hence Qqm = Aqm is amenable, we only need invertibihty on fibres Gx = A^, x E dM 
(see the remark after Theorem [23D. Let S G ^'"(^;rW) be such that vrMo(^) = D. 
Therefore, we need to look at the symbol of the operators coupled with the constant 
potential Vo{x) acting on the fiber A^, for each x G dM. The invertibihty of the boundary 
indicial operator ad{D + Vo)a;(0 = a^°^{Sx)<S)l + l®Vo(x), ^ E A^ then follows from the 
fact that Vq{x) is invertible for each x E dM (noting that a®l + G End{Wx^Ex) is 
invertible if a or /3 are invertible.) □ 

Note that when D = p is a Dirac operator on (M, W) then, using the notation as 
above, Sx =Jpx is a Dirac operator on Ax and as(Jp + V)x{0 = ic{^)<^l + l(8>Vo(x). (This 
is due to the fact that the restriction of a Dirac operator to the boundary is again a Dirac 
operator [M].) 

The following lemma provides the definitions of the total symbol i^-theory classes 
(AfuiiiQ) G K^{fl) and ajuiiiQ) G K^(TMq). Let us introduce the i^-theory class [Vq] 
defined by the endomorphism Vq as usual [TJ [29] 

[Vo] := [E+,E~,Vo] E K°{Mo) = K\M;dM) C K\M). 

Recall that Q := d(A) = {S*A) UA\qm (as in Subsection Ejj • 

Lemma 3.6. Let Q and P be as in Lemma \3. 51 and define [(XfuiiiQ)] '■= [cTfuuiP)] E K^{Q) 
and [afuiiiQ)] := [afuii{P)] G K^TMq). Then 

d[ajMQ)] = [^fuum 
and IcTfuiiiQ)] can be represented by the endomorphism am{D)^l + l®Vo. In particular, 

where [a.m{D)] E K^{TM) and [Vq] E K^{M,dM) are the classes defined by the corre- 
sponding morphisms and vr : TM — )■ M is the natural projection. 
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Proof. The relation d[a fuii{Q)] = \(^fuiiiQ)] follows from definitions and from Lemma [1.71 
Let us choose a smooth function am £ S'^{A*) such that a^n represents <Jm{D) and on 
A* it is equal to the total symbol of Let then p = cr„®l + l®Vo eC°°{A*) = C~(A), 
where we have used a fixed metric on A to identify A with A*, as before. From Equation 
(pTj) we have that 

MP) = (TUQ)/V^ + (rm{Q)' = cjm{D)/^/iV^jDY = v/^i + f e s\a*)/s-\a*). 

On the other hand, at the boundary, we have 

(TdiP) = aa(g)/v/i + aa(g)2 = j9/v/r+7. 

Therefore, afuii{P) = p/^/l + p'^ on f2. Hence the i^-theory class [(ffuii{P)] is obtained 
from the endomorphism p/ -^/l + defined on TMq, which obviously extends p/ -\/T+~p^ 
from Q to the whole of A D TMq. We obtain that the endomorphism p, and hence also 
am{D)^l + l®Vo, represents [afuiiiQ)]. 

From the definition of tensor product in /^-theory we have that 

where 

It follows that the K-theory class [o^fuiiiQ)], where Q = D^l + l(8>Vo, is represented by 
the same morphism as [am{P>)] ® 7i"*[Vo]- So these two classes are equal. □ 

We shall need the Sobolev spaces H^{Mq) defined by W (more precisely by the metric 
determined by W [BIS). 

(35) H^{Mo) := {u G L^{M), Du G L^{Mo) for all D G Diff^(Mo)}. 

The space H^{Mq) is the domain of any elliptic pseudodifferential operator in \l/]|^(Mo), 
m > 0, acting on L^(Mo). For m < we use duality. 

We now show that ind{Q~^) can be computed using Theorem 12.91 

Theorem 3.7. Let Q = D + Vq be a Callias-type pseudodifferential operator with a 
bounded potential Vq as in Lemmas \3.5\ and \3.(A In particular, we assume that Vq is a 
smooth potential on M that is invertible on dM. Then is Fredholm and 

ind(Q+) = cho[?/„zz(g+)]7r*Tci(TcM)[TMo] = dii[<yfuu{Q^)V^Td{TcM)[n] 

= choK(D+)] cho 7r*[K,]7r*Tci(TcM)[TMo]. 
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Proof. Let P := Q{1 + as before. Then P E ^^(Mq; W E) is fully elliptic, 

by the previous lemma (Lemma 13. 5p . Hence P is Fredholm by Proposition 12.41 

ind(g+) = ind(P+) 

= cho[?/„n(^^)]oTrf(TcMo)[TMo] = ch^[afMP'')KTd{Tc)m 
= dio[af^u{Q^)]Td{TcMo)[TMo] = di^[af^u{Q+)]Td{Tc)[n], 

= cho[a„(Z}+)] cho 7r*[Vo]7r*Td{TcM)[TMo]. 
by Theorem 12.91 applied to P~^ and Lemma 13.61 □ 
We are mainly interested in the case when 

(36) Q=p + Vo:=p§)l + l®Vo, 

where is a Dirac operator acting on the sections of some Clifford bundle W. As before, 
we assume Vq is potential {i.e., an odd, self-adjoint, endomorphism of a Z2-graded bundle 
E) that is invertible outside a compact subset of Mq such that Vq extends smoothly to 
M, to be invertible at dM. In particular Q e ^vv(^o; W ®E). 

To get an even more explicit formula for the index of coupled Dirac operators-^ + Vq, 
let us now that M has a spin'^-structure, with canonical spin'^-bunde S and associated 
Dirac operator ^5. In particular, M is oriented, and we let [M] G Hn{M,dM) denote 
its fundamental class. Let W = S^F, with F a complex vector bundle over M. Then 
pF '■=Ps ^ F is the Dirac operator twisted with F. 

Corollary 3.8. Letpp he the Dirac operator twisted with F and Q = pp + Vq he the 

perturhed twisted Dirac operator associated to Vq, where Vq is a hounded potential invert- 
ible at dM on an asymptotically commutative spin'^ Lie manifold (M, W). Then is 
Fredholm and 

ind(g+) = 1(M) cho([F®\/o])[M]. 

Proof. It is known classically that 

p, cho(a(^+))Td(TcM) = A{M) cho[F], 

where p\ is integration over the fibre and A{M) G H*{M) is the A-genus of M (see [35]). 
The result then follows right away from Theorem 13.71 □ 

3.4. The case of unbounded potentials. In this subsection, we are back to a general 
(even-dimensional) Lie manifold (Af, V). Let 

(37) T ■. = p + V ■. = p®l + l®V, 

where ^ G Diff^(Mo; ly) is a Dirac operator associated to V. We will consider here 
unbounded potentials, in that we assume moreover that, on Mq, 

(38) V = f-'Vo, /:=nx^S 
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where Vq is bounded and it extends to a smooth function on M that is invertible on 
dM (at infinity) and Xk are boundary defining functions of the hyperfaces of M with 
afeGN = {l,2,...}. This section contains the hard analysis needed for our main result. 

Our first goal is to show that T is essentially self-adjoint with domain a suitable weighted 
Sobolev space. We want to prove a formula for the index of T"*" = {p + V)~^. Our strategy 
is to reduce this problem to a question on operators with bounded potential by writing 

(39) T = r'^'Qr'/\ with Q := f'^'pf'^' + K,. 

In fact, let W := /V and let g be the given metric compatible with V. Then qq := f^^g 
is a metric compatible with W and hence 

is the Dirac operator associated to the Lie manifold structure defined by W and metric 
9o [m [ini EH EZ]. Actually, to identify ^vv with f^l^Ipf^l^, we need to rescale the 
volume forms also, a fact that we ignore throughout, in order to simplify the notation. 

We then have that Q E Diff^(M; W ^ E) is a Callias-type Dirac operator on (M, W) 
with a bounded, invertible potential. In particular, it is elliptic and essentially self-adjoint 
on C^(Mo). As before, we still denote its self-adjoint closure by Q. 

We now define weighted Sobolev spaces defined by W 

(40) /Cr(Mo) := rH^{M,), 

where a G M and / = H ^'k' i before. If — )■ M is a smooth vector bundle, 
then the spaces 1C^{Mq\E) are defined similarly. We remark that all the weighted 
Sobolev spaces used below are with respect to W. (One can check that /C^(Mo; E] V) = 
^a^n/2(^o; E] W).) We have the following elliptic regularity result from [1]. 

Theorem 3.9. Assume that Qq G \l/yy(Mo; E) is elliptic and h G /C^(Mo; E) is such that 
Qoh G /C™-^'(Mo; E). Then h G /C™(Mo; E). 

Applying this result to Q = f^l'^Tf^^'^ =py\) + Vq we obtain the following. 

Lemma 3.10. Let h G /C^(Mo; E) he such thatTh G JC^S^^Mq; E). Then h G IC^^^Mq- E). 

We shall also need the following lemma. Before, we remark that it follows from 
the definitions that multiplication by defines an isomorphism : IC^^Mq] Eq) — )■ 
1C^^^{Mq]Eq), for any a, s. In particular, if P G ^^(Mq), with P : H^{Mq]Eq) 
Hl^-\Mo-Eo), then f'Pf~' : /C^(Mo;Eo) -> /C™~^(Mo;^o) is Fredholm if, and only if, 
P is. Moreover, it is known that /"^^(Mq; ^o)/"' = ^w(^o;^o) (Proposition 4.3 P), 
so any such P is also defined as an operator, still denoted by P, 

P:/Cr(Mo;i?o)^/Cr'(Mo;i5o), 

for any s. 
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Lemma 3.11. Let Qo E \I/yy(Afo; -Eo)? k G Z+, be a fully elliptic. Then 

QaM ■■= f'Qor ■■ KiMo. Eo) ^ /C^-,t,(Mo; Eo) 
is Fredholm and its index is independent of m, a, h, and c, in the sense that 

ind((5a,b,c) = ind((5o,o,o)- 

Proof. Let us notice first that Qo,o,o is Fredholm due to Proposition 12.81 (since we assumed 
Qo to be fully elliptic). It follows that f'Qofi,of~" ■ /C™(Mo; Eq) /C™-^'(^o; ^o) is also 
Fredholm and ind(/'*(5o,o,o/~'') = ind(Qo,o,o)- Note also that Qa,b,c is indeed well-defined, 
by the remarks above. Write Qa = Qa,o,o- 

Next, we notice that f'Pf~' - P = f'{Pf~' - f~'P) G /^^^(Afo;^o) for any 
P G \E'^(Mo; £"0) by the specific form of the Lie algebra of vector fields W = /V. More- 
over rQa-sf-' - Qa : /C-(Mo;Eo) ^ /C--'(Mo;£o) is compact, since //C-(Mo; Eq) ^ 
1C^~^{Mq] Eq) is compact by [2]. With s = a, we conclude that Qa is Fredholm and also 
that Qa and f^Qa-sf'^ have the same index for any s. 

If follows that the index of Qa : /C™(Mo; Eo) /C™-'=(Mo; Eq) is independent of a. Us- 
ing this with a replaced by a + c and using the fact that /'^ : /C™(Mo; Eq) — )■ /C[^^(Mo; Eq) 
is an isomorphism, we obtain the desired result. □ 

We shall use this lemma to prove the following crucial result. 

Proposition 3.12. The operators 

T±il =p + V ±tl : K:\{Mq- W®E)^ ICq{Mq; W (g) E) = L^{Mq- W ® E) 

are invertible, and hence T is essentially self-adjoint with domain /C];(Mo; W ®E), where 
all the and Sobolev spaces are associated to W. 

Proof. Let us denote by 

Qa ■■= f^'^Tf^'^ =IPw + Vq: /Cy2(Mo; W ® E) ^ K"\Mq- W ® E). 

Then Qq is fully elliptic (by Lemma 13.51 and the fact that Ipy^i is the Dirac operator 
associated to W = /V), and hence it is Fredholm. It follows from Lemma [3.111 that Qa 
is Fredholm for any a and that its index is independent of a. Since Qq = Qq, we have 
ind(Qa) = for all a. Hence 

ind(Q, + A/) = ind(QJ = 0, 

since multiplication by / is a compact operator ICI.^^{Mq; W ® E) ^ /Ca ^^^(Mq; W E) 
by 0. Then 

(41) T±tl = f-^/\Qa ± z/)/-'/' : K}^/\{Mq- W®E)^ /C-/f (Mo; W ® E) 
is also Fredholm of index zero. 
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We recall that /C™(Mo; ® E) is the dual of /Cl™(Mo; ® E), with the duality 
pairing being obtained from the L^-inner product by continuous extension. Then the 
"L^-estimate" 

((T ± i)u, u) = [Tu, u) ± u) 

and (Tu,u) G M (since T is symmetric between the indicated spaces in Equation (HT]) ) 
show that T ± il are injective for a = 0. Since they have index zero, they induce 
isomorphisms 

(42) T±tl: C+Y/^l^o; W^E)^ ^^^^(^o; W ® E) 

for a = and m = 0. 

Now for an arbitrary a, the induced operator will still have index zero (by Lemma [3 .111) . 
Since for a > it will still be injective, it follows that it will be an isomorphism for all 
a > 0. Since for a < the resulting map is dual to the one for —a, we obtain that T ±il 
of Equation fH2]) are isomorphisms for all a and m = 0. We can extend this isomorphism 
to any m > by elliptic regularity (Lemma 13.101) and this completes the proof by taking 
a = m = 1/2. □ 

We shall extend T to a self-adjoint operator denoted by the same letter. We are ready 
now to compute the index of 

= (p + V)+ : /Cj(Mo; (iy§E)+) ^ /C°(Mo; (W^E)-), 

where p is the Dirac operator on the (arbitrary) even dimensional Lie manifold (Mq, V) 
and V = f~^Vo is an unbounded potential as in (1551) . Let vr : TM — M and 71^:^2 = 
dA\; — )■ M be the natural projections and Td{TcM) he the Todd class of the complexified 
tangent bundle of M. 

Theorem 3.13. The operator = (Ip + V)~^ is Fredholm and its index is given by 

ind(T+) = cho[?/„iK^^)]7r*Td(TcM)[TMo] =chi[a^„,K^^)]^n^c?(^cM)[fi] 
= cho [a, (|)+)] cho vr* [Vo]TT*Td{TcM) [TMq] . 

Proof. Let Qi = T~^f, where / = 11 ^t'' above and is regarded as a multiplication 
operator. Then Qi = f~^^'^Q~^f^^^, where 

g+ := f/^T^fl^ = iipy, + V,)+ : /C^(Mo; {W^EY) ^ /C°(Mo; {W^EY) 

is fully elliptic (by Theorem 13.71 and the fact that Ipy^ is the Dirac operator associated to 
W := /V). Then the operators Qi and have the same index, by Lemma [3.111 By 
ellipticity, 

(1 + QlQif'^ ■■ ICliMo; (W^EY) ^ L2(Mo; {W^EY) 
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is an isomorphism since the domain of any elhptic operator P G \I/yy(M; E) is Hy^{Mo, E). 
Therefore /(I + Q^Qi)"^/^ : L'^{Mo] {W®E)+) 1C\{Mq] {W®E)+) is an isomorphism 
as well. Proposition 13. 12l then yields that : 1C\{Mq) — )■ L^(Mo) has the same index as 

T+/(l + QlQi)-^/^ = Qi{l + QlQi)-''^ : L\M,- {W%EY) ^ L\Mo; {W®E)-), 

and, in particular, they are both Fredholm. 

We have thus obtained that the operator T"*" = iff) + V)^ is Fredholm and has the same 
index as := /i/^T"*"/^/^. Moreover, the principal symbols of T"*" and define the 
same i^-theory classes, by homotopy invariance, as do the symbols of p and pw, and 
hence 

ind(T+) = ind(Q+) = cho[a{Q+)]7r*Td{TcM)[TMo\ = chi[a(Q+)]7r*Trf(TcM)[fi] 
= cho[a{T+)]n*Td{TcM)[TMo] = chi[a(T+)]7r*Td(TcM)[fi] 

= cho [a{p+)] cho TT* [Vo] n*Td{TcM) [TMq] , 

by Theorem 13.71 applied to and homotopy invariance. □ 

We also obtain the following more explicit calculation similar to Corollary 13. 8[ 

Corollary 3.14. Letpp he the Dirac operator twisted with F and T = pp + V be the 
perturbed twisted Dirac operator associated to V = f~^Vo, where Vq is a bounded potential 
on M invertible at DM for a spin'^ Lie manifold (M, V). Then T"^ is Fredholm and, using 
the notation of Corollary \3.14\ 

ind(T+) = A{M) cho([F ® Vo])[M] = A{M) cho([F ® V])[M]. 

References 

[1] B. Amman, R. Lauter, and V. Nistor. Pseudodifferential operators on manifolds with a Lie structure 

at infinity. Ann. of Math. (2), 165(3):717-747, 2007. 
[2] B. Ammann, A. D. lonescu, and V. Nistor. Sobolev spaces and regularity for polyhedral domains. 

Documenta Mathematica, ll(2):161-206, 2006. 
[3] B. Ammann, R. Lauter, and V. Nistor. On the geometry of Riemannian manifolds with a Lie structure 

at infinity. Int. J. Math. Math. Sci., 2004(1-4):161-193, 2004. 
[4] B. Ammann, R. Lauter, and V. Nistor. Pseudodifferential operators on manifolds with a Lie structure 

at infinity. Ann. of Math. (2), 165(3):717-747, 2007. 
[5] N. Anghel. An abstract index theorem on non-compact riemannian manifolds. Houston Journal of 

Mathematics, 19:223-237, 1993. 
[6] N. Anghel. On the index of Callias-type operators. Geom. Fund. Anal., 3, No. 5:431-438, 1993. 
[7] M. Atiyah. K-theory. Benjamin, New York, 1967. 

[8] M. Atiyah, V. Patodi, and I. Singer. Spectral asymmetry and Riemannian geometry. I. Math. Proc. 

Cambridge Philos. Soc., 77:43-69, 1975. 
[9] M. Atiyah and I. Singer. The index of elliptic operators I. Ann. of Math., 87:484-530, 1968. 
[10] C. Bar. Metrics with harmonic spinors. Geom. Funct. Anal., 6(6):899-942, 1996. 



AN INDEX FORMULA FOR PERTURBED DIRAC OPERATORS ON LIE MANIFOLDS 



33 



[11] C. Bar and P. Schniutz. Harmonic spinors on Riemann surfaces. Ann. Global Anal. Geom., 10(3):263- 
273, 1992. 

R. Bott and R. Seclcy. Some remarks on the paper of Callias. Comm. Math. Phys, 62:235-245, 1978. 
J. Briining and H. Moscovici. L2-index for certain Dirac-Schrodinger operators. Duke Math. J., 
66:311 - 336, 1992. 

U. Bunke. A K-theoretic relative index theorem and Cahias-type Dirac operators. Math. Annalen, 
pages 241-279, 1995. 

U. Bunke and T. Schick. Smooth /^-theory. Asterisque, (328):45-135 (2010), 2009. 

C. Calhas. Axial anomalies and index theorems on open spaces. Comm. Math. Phys., 62:213-234, 
1978. 

C Carvalho. A K-theory proof of the cobordism invariance of the index. K-theory, 36(1-2):1-31, 2005. 
H. Cordes and R. McOwen. The C*-algebra of a singular elliptic problem on a noncompact Rie- 
mannian manifold. Math. Z., 153(2):101-116, 1977. 

H.O. Cordes. Spectral theory of linear differential operators and comparison algebras. London Math- 
ematical Society, Lecture Notes Series 76. Cambridge University Press, Cambridge - London - New 
York, 1987. 

M. Crainic and R. Fernandes. Integrability of Lie brackets. Ann. of Math. (2), 157(2):575-620, 2003. 
J. Fox and P. Haskell. Index theory for perturbed Dirac operators on manifolds with conical singu- 
larities. Proc. Amer. Math. Soc, 123:2265 - 2273, 1995. 

J. Fox and P. Haskell. Comparison of perturbed Dirac operators. Proc. Amer. Math. Soc, 124(5):1601 
- 1608, 1996. 

J. Fox and P. Haskell. The Atiyah-Patodi-Singer theorem for perturbed Dirac operators on even- 
dimensional manifolds with bounded geometry. New York J. Math., 11:303-332, 2005. 
V. Georgescu and A. Iftimovici. Crossed products of C*-algebras and spectral analysis of quantum 
Hamihonians. Comm. Math. Phys., 228(3):519-560, 2002. 

P. Gilkey. Invariance theory, the heat equation, and the Atiyah-Singer index theorem, volume 16 of 
Studies in advanced mathematics. CRC Press, 1995. 

D. Grieser and E. Hunsickcr. Pseudodifferential operator calculus for generalized Q-rank 1 locally 
symmetric spaces. I. J. Funct. Anal., 257(12):3748-3801, 2009. 
N. Hitchin. Harmonic spinors. Advances in Math., 14:1-55, 1974. 

L. Hormander. The analysis of linear partial differential operators III. Springer- Verlag, Berlin, Hei- 
delberg, New York, Tokyo, 1985. 

M. Karoubi. K-Theory - An Introduction. Springer- Verlag, Berlin, Heidelberg, 1978. 
C. Kottke. An index theorem of callias type for pseudodifferential operators. Journal of K-Theory, 
First View: 1-31, 2011. 

R. Lauter, B. Monthubert, and V. Nistor. Pseudodifferential analysis on continuous family groupoids. 
Doc. Math., 5:625-655 (electronic), 2000. 

R. Lauter, B. Monthubert, and V. Nistor. Pseudodifferential analysis on continuous family groupoids. 
Doc. Math., 5:625-655 (electronic), 2000. 

R. Lauter and S. Moroianu. Fredholm theory for degenerate pseudodifferential operators on manifolds 
with fibered boundaries. Comm. Part. Diff. Eqs„ 26(1 & 2):223-283, 2001. 

R. Lauter and V. Nistor. Analysis of geometric operators on open manifolds: a groupoid ap- 
proach. In Quantization of singular symplectic quotients, volume 198 of Progr. Math., pages 181-229. 
Birkhauser, Basel, 2001. 

H. Lawson and M.-L. Michelsohn. Spin Geometry. Princeton University Press, Princeton, New Jersey, 
1989. 



34 



C. CARVALHO AND V. NISTOR 



[36] R. B. Melrose. Geometric scattering theory. Stanford Lectures. Cambridge University Press, Cam- 
bridge, 1995. 

[37] V. Nistor. On the kernel of the equivariant Dirac operator. Ann. Global Anal. Geom., 17(6):595-613, 
1999. 

[38] V. Nistor. Groupoids and the integration of Lie algebroids. J. Math. Soc. Japan, 52:847-868, 2000. 
[39] V. Nistor, A. Weinstein, and P. Xu. Pseudodifferential operators on groupoids. Pacific J. Math., 
189:117-152, 1999. 

[40] Victor Nistor. Higher index theorems and the boundary map in cyclic cohomology. Doc. Math., 

2:263-295 (electronic), 1997. 
[41] C. Parenti. Operatori pseudodifferentiali in M" e applicazioni. Annali Mat. Pura ed App., 93:391-406, 

1972. 

[42] J. Rade. Callias' index theorem, elliptic boundary conditions, and cutting and pasting. Commun. 

Math. Phys., 161:51-61, 1994. 
[43] J. Renault. A groupoid approach to C* -algebras, volume 793 of Lecture Notes in Mathematics. 

Springer, Berhn, 1980. 

[44] M. Taylor. Partial differential equations. H, volume 116 of Applied Mathematical Sciences. Springer- 
Verlag, New York, 1996. Qualitative studies of linear equations. 

Departamento de Matematica, Instituto Superior Tecnico, UTL, Lisbon, Portugal 
E-mail address: ccarv@matli.ist.utl.pt 

Pennsylvania State University, Math. Dept., University Park, PA 16802, USA, and 
Inst. Math. Romanian Acad. PO BOX 1-764, 014700 Bucharest Romania 
E-mail address: nistor@math.psu.edu 



